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B Abstract

This working paper presents a simple and locally op-
timal test statistic for the Pareto law. The test is
based on the Lagrange multiplier (LM) principle and
can be computed easily once the maximum likeli-
hood estimator of the scale parameter of the Pareto
density has been obtained. A Monte Carlo exercise
shows the good small sample properties of the test
under the null hypothesis of the Pareto law and also
its power against some sensible alternatives. Finally,
a simple application to urban economics is per-
formed. An appendix presents derivations and
proofs.
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M Resumen

Este documento de trabajo presenta un contraste sen-
cillo y localmente 6ptimo de la ley de Pareto. EI con-
traste esta basado en el principio de los multiplicado-
res de Lagrange (ML) y puede ser calculado simple-
mente al disponer del estimador maximo verosimil del
parametro de escala de la densidad de Pareto. Algunas
simulaciones de Monte Carlo muestran las buenas pro-
piedades en muestras finitas del contraste, tanto bajo
la hip6tesis nula de la ley de Pareto, como su potencia
frente a alternativas razonables. Finalmente, se presen-
ta una sencilla aplicacién en el campo de la economia
urbana. Un apéndice recoge las demostraciones.
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Contrastes ML, ley de Pareto, distribuciones estadis-
ticas.
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1. Introduction

GIVEN the recent focus on power laws (Gabaix, 2008), it seems of interest
to develop estimation and testing strategies that help us to better discrimi-
nate between these laws and alternatives ones. This working paper makes a
small contribution to this literature by proposing a simple and locally opti-
mal (parametric conditional) test statistic that can be easily computed once
the power exponent of the law has been estimated.

By power law, we mean a distribution for which (at least in the upper
tail) the probability of getting values higher than xis (approximated) pro-
portional to x™%, where 0 is a shape parameter known as the power expo-
nent. This law has a long tradition and was stated by Vilfredo Pareto at the
end of the x1x century in his studies on income distribution (Pareto, 1896).
For this reason, a power law is also known as the Pareto distribution which,
in its original form and using the modern tools of distribution theory, can
be stated as,

Pr [X> x] =(%)9 x=u>0, 6>0. (1.1)

From (1.1) it follows that the cumulative distribution function for a

7

0
Pareto random variable is given by F, (x)=1- (—) and the associated
0 X

density function is f, (x) = xT%l . Although this seems to be a two

parameter distribution, in practice @ is assumed to be known, either fixed
by statistical design or taken as given by a priori information given the prob-
lem at hand.

It is worth noting that this is a scale-free distribution. In fact, we can
think of a power law as a result of the simple physical principle of scale in-
variance: if the growth process is the same at all scales, the final distribution
should be scale invariant, and if a steady state distribution exists, then a pow-
er law emerges (Simon, 1955; Gabaix, 1999). This is essentially Gibrat
(1931) law in the economics literature (Sutton, 1997), but the same mecha-
nism has been the focus in physics and the natural sciences (Levy and
Solomon, 1996; Sornette and Cont, 1997; Brown and West, 2000; Sornette,
2004). This can explain the extreme propensity for using the Pareto distribu-
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tion instead of other well known distributions in applied statistics that are
capable of displaying a similar shape.

The literature focusing on estimating and testing the power law has
taken two different stands. On the one hand, some authors have trans-
formed the size-frequency relation (1.1) into a rank-size rule. This is
brought about by considering a random sample of size n ordered as

Xy 2 Xy Z oen Z Xy 2 el 2 X ) 2 Xy (1.2)

Thus, the rank of an element in this sample is given by r=n.Pr [X> x, ],
which under the power law (1.1) is equal to

2 0
r=n. (Tﬁ) . (1.3)
Taking logs in (1.3), we can write log r=a — 0log x,), where « is a function
of n, u and 6. We can measure departures from the Pareto law by departures
from this log-log linear relationship between ranks and the ordered sam-
ple (1.2). This route has been taken by a number of authors (Rosen and
Resnick, 1980; Fan and Casetti, 1994; Gabaix and Ibragimov, 2008), who
mainly use ordinary least squares as the estimation method, despite the fact
that the ordered sample is neither independent nor identically distributed
and therefore it is not the best estimation procedure (Aban and Meerschaert,
2004; Nishiyama and Osada, 2004). Note in passing that, even if the power
law holds exactly the rank-size rule represented by the log-log linear equa-
tion derived from (1.3), it is just an approximation '.

On the other hand, some authors have stuck to the size-frequency re-
lation (1.1) and they measure departures from the power law by comparing
the Pareto distribution against other distributions, such as the lognormal or
the exponential, by means of goodness-of-it tests. In this vein, Clauset,
Shalizi and Newman (2007) advocate the Kolmogorov-Smirnov statistic. How-
ever, given the nuisance parameters in constructing the statistic, the pvalue
for the statistic has to be computed by Monte Carlo integration. As an alter-
native, section four develops a simple test of the power law (1.1) simply by
nesting the Pareto distribution within a broader family. Before, we study
some properties of the Pareto density and the generalization considered.

1. A more formal statistical argument uses the probability integral transformation to obtain the
expected value if the r™ order statistic in (1.2) under the Pareto law and leads to the same ap-
proximation.



2. The Pareto Density

A strictly positive continuous random variable, x € R, follows a Pareto
law if its probability density function (pdf) is

];,(x):%(%)”” x=u>0, 6>0. @.1)

For an exhaustive analysis of this distribution see Johnson and Kotz
(1970, chapter 19). Together with the lognormal distribution, the Pareto
distribution is one of the most frequently used in modeling income and
wealth distribution. In fact, it was proposed by Pareto (1896) as a model for
the upper tail in these distributions, in particular for values above u (Cowell,
1977). 0,0

From (2.4), graph 2.1 draws the graph for the pdfof xER,,, f, (x) = il

0+1°
X
for the same lower bound, ¢, and two different values of 6. We can see that u
is a location parameter, the minimum value for which the density is

GRAPH 2.1: Pareto probability density function

By
u

6, > 6,
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defined, whereas 6 is a shape parameter related to the dispersion. Higher
values of 6 imply more probability mass closer to the lower bound, u. That
is, there is less dispersion (or inequality if we think in terms of income or
wealth distributions).

By integrating (2.4), we obtain the cumulative distribution function

(cdf), (1.1), F, (x)=1- (L 0, sol-F,(x)= %)6 represents the proba-

x
bility of obtaining a value of the variable which is greater than x.

For a Pareto density it is well known that the mean is given by

0 0
E(X)= -1 ¢, 0> 1, and more generally E (X") = o=, u, 0>

0
For r=2 we can easily obtain the variance, V (X) = 2.6>2
y TR IR
and the coefficient of variation, CV (X)= , 0>2. Note

V. (0-2)
that these dispersion measures shrink to 0 as § — %, and that CV (X)
depends only on the shape parameter, given its relative nature. On the con-
trary the main location measure, E (X), depends on both the location and scale
parameters, so a change in 6 affects the mean of the distribution, E (X)?.

It is of interest to examine the relation between the Pareto law and
standard measures of income inequality, the Lorenz (1905) curve and its
corresponding Gini (1912) coefficient °. By definition, the Lorenz ordinates
are

1 - 0-1
D, (9= gy [ty (=1 (%) , 2.9)

which given that (%) = (1-F, (x))'% can be written in terms of the

percentiles of the distribution, p = F (x),pe [0,1], as

6-1
— 0
Lp)=1-(1-p 9> 1. (2.3)

. . . dE(X) “

2. In fact E(X) is a decreasing function of 6, = - < 0. If we want to keep E(X)
do (0-1)2
constant as 0 varies, then u has to change as du = “ do.
6(6-1)

3. See Cowell (1995, table A.2: 142) for the relation between the Pareto law and other inequali-
ty indices commonly used in the income distribution literature.
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The corresponding Gini index is twice the area under the line of
equality, L, (p) = p, and the Lorenz curve. Hence

1
G(X)=—— 0=1, 4
=50 =4

which again depends only on the shape parameter, 6, and is defined for 6= 1.
Note that as 6 growths G (X) falls and that as 6 — 1* G (X) reaches its maxi-
mum value of 1. The Zipf (1949) case implies 6= 1, and hence G (X)=1.

In addition, it may seem of interest to develop the corresponding for-
mulas for the Theil (1967) indexes under the Pareto law. By definition, the
second Theil index, or the mean logarithmic deviation, is just the logarithm
of the ratio of the mean, E (X), to the geometric mean, m,

B fontog = ar ) (2.5)

T =log -

As in the case of Gini this is easier to handle using the inverse of the

1
cdf, or the quantile function, x=F3' (p)=u (1 -p)" o ,80

| 0 1
T =log —— —— 0>1, .6
°9-1 "0 g (26)

which again only depends on the shape parameter 6. Moreover the relation
between 6 and T~ is monotonic, since

ar- 1

=— <
o 02 (0-1)

0 6>1. (2.7)

By definition, the first Theil index is given by

=i gy 108 oy 4 (9 (2:8)

Which in terms of the quantile function, can be written as,

T=log 6_91 +0i1 0>1, (2.9)

which again only depends on the shape parameter 6, and gives us a mono-
tonic relation between 6 and 7, since



FRANCISCO J. GOERLICH GISBERT

dr 1

=— <
9 0(0-1)2

0 6>l (2.10)

2.1. Some results related to the Pareto law

Result 1. If x follows a Pareto law, then y, = log X follows an expo-
nential distribution with parameter 6.

Result 2. If x follows a Pareto law, then Yo = # followsa power
X

function distribution with parameter 6 (a special type of Pearson Type I
distribution).

Result 3. If x follows a Pareto law with 6 =1, then y,= Lulll follows a
uniform distribution on the interval [0, 1]. X

2.2. Maximum likelihood estimation of 6

Given a random sample of n observations satisfying the Pareto law, {x;};_,,
the parameters of the distribution can be estimated by a variety of methods
(Johnson and Kotz, 1970). Considering u as known (either by statistical de-
sign or a priori information) the maximum likelihood estimator (MLE) of 6
is simple to obtain, has good known asymptotic properties and its variance
can be readily computed (Hill, 1975) *.

Given {x;};_, the logarithm of the likelihood function, log L,, is given by

logL,:nlog0+n010g1u—(6+l)Zlogxl- (2.11)
i=1

As a function of 6, (2.11) is maximized for

6= [i 3 log x—]l (2.12)
n i 1%

4. If y is unknown (which is usually the case), it will have to be estimated. If the full sample is as-
sumed to come from a Pareto distribution, then the MLE of u is simply the minimum of the
sample, & = min, {x};_, (Quandt, 1966). Otherwise, although methods have been developed to
estimate this parameter (Embrechts, Kluppelberg and Mikosch, 1997; Clauset, Shalizi and New-
man, 2007), none have gained widespread use since even the statistical literature has not
reached a consensus on how to pick the optimal lower cutoff (Beirlant et al., 2004).

10
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which is the MLE of 6. Standard Maximum Likelihood theory (Spanos,
1986) implies that the asymptotic distribution of the MLE is

Vn(6-6) 2 N(0, 62). (2.13)

Remark 1. The MLE is very different from the ordinary least squares
(OLS) estimator of the log-log linear relationship mentioned in the intro-
duction (Nishiyama and Osada, 2004; Nishiyama, Osada and Sato, 2006); al-
though Aban and Meerschaert (2004) show that the MLE coincides with
the Generalized Least Squares (GLS) estimator of this log-log linear rela-
tionship taking into account the mean and covariance structure of the ex-
treme order statistics.

Remark 2. Using result 1 and the fact that the exponential distribu-
tion belongs to the class of gamma distributions, it is possible in this case to
obtain the small sample distribution of 6, so we know the exact expectation
and variance of the estimator (Johnson and Kotz, 1970, chapter 19.4.4).

Remark 3. We have noticed above that 8 can be considered as a mea-
sure of inequality, in the sense that higher values of 6 imply less dispersion,
and in fact lower values of standard relative inequality measures, CV, G or
the Theil indexes, Tand T".

All these measures satisfy the Pigou (1912)-Dalton (1920) principle of
transfers, so a small transfer from a higher x, say x;, to a lower x, say x, reduces
the value of the index (Goerlich and Villar, 2009). However, if we now look at
the effect of a Pigou-Dalton transfer on 6, for a fixed value of u, we get a sur-
prising result: Given the concavity of the log function, such a transfer implies
an increase in 7' 3 | log x, so 6 falls °. This suggests an increase in inequality!
The result casts doubts on using 0 asa descriptive measure of inequality.

Remark 4. The MLE of 6, (2.12), has a clear relation with the non-

parametric second Theil inequality index for a sample, 7%= — Z log X o,
n ;-1 X;
where X = 1 Z x; is the sample mean. We can write (2.12) as
n i-1

5. The effect of a small transfer of § from x; to x, with x;> x, on X, logx; is given by

Py

n

x; X; n x; X;

1 1 « « 1 1 1
- :|>O,sod6——925—|: - ]<().

6. Note that this is not the MLE of T, which by invariance is obtained substituting (2.12) into
(2.6).

11
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n

1 x  x ]!
n X ou

i=1

A

0:

1_210g x%+log q_lz [— T" +log q_l. (2.14)
noi-1 x © “

This is a surprising relation because, contrary to intuition, there is a
positive relation between 6 and T", whereas we have seen before that the re-
lation between 6 and 7 is a negative one, (2.7).

Given that T satisfies the Pigou-Dalton transfer principle, a progres-
sive transfer reduces 7", but with ¥ and ¢ unchanged, this transfer also re-
duces 6. In trying to understand this paradoxical result note that, under the
Pareto law, £ (X) depends on both parameters, 6 and u, so that to keep E (X)
unchanged (as required by the Pigou-Dalton transfer principle) both param-
eters should move in the same direction. A progressive transfer reduces
T" by (2.5), which leads to an increase in 6, (2.7), this in turns needs an in-
crease in u, so as to keep E (X) constant. Therefore, insisting on fixing u
when measuring the effect of a Pigou-Dalton transfer is inconsistent under
the Pareto law. In terms of sample estimates, where X is not subject to such a
dependency, the result is that 6 falls as a result of a progressive transfer”.

7. A similar paradoxical result in relation to welfare under the Pareto law appears in Cowell
(1995: 84, footnote 13).

12



3. A Generalization
of the Pareto
Distribution

CONSIDER the following member of the Burr (1942) family of distribu-
tion functions (Johnson and Kotz, 1970, chapter, 12.4.5)

];(x)=%(1+’“;“)‘w”) x2u>0, 650, 0>0.  (3.1)

By integrating (3.1) we obtain the cumulative distribution function

(cd), FB(X):I—(I-I- e )_6, so 1-F;(x)= (l-l- X;M -6

represents the
o

probability of obtaining a value of the variable greater than x.

Note that, at the minimum value for which the density is defined,
0 0
x=u, f@)= m whereas f; ()= — > therefore o measures the initial

height of the Burr density in relation to the Pareto density. Both densities
are I-shaped and u is a location parameter, however in (3.1) we have two
shape parameters, 6 and o, and for a given 0, lowering ¢ has the effect of
concentrating the probability mass closer to the lower bound, «. That is, we
get less dispersion as graph 3.1 shows.

For the Burr density (3.1) the meanisgiven by E (X)=u +o
so it depends on all the parameters, and the variance by

Vi(X)=

1 , 0>1,
-1

0%, 6>2, which does not depend on the location
(6-1)*(6-2)

parameter «. Therefore, the coefficient of variation depends on all the
parameters of the distribution, which implies that relative inequality mea-
sures are, in general, complicated functions of all the parameters®.

8. Higher order moments of Xin this case can be obtained by considering the standardized

. x-¢ .
variable y= ———, and getting the moments for y. Take care to note that ¢ and ¢ are
o

not the mean and standard deviation of X. For y, by integrating by parts recursively, we can

13
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GRAPH 3.1: Burr probability density function

9]

|
\
\
T
.
\
!
\
i
' 0,< 0y
]
T
\
\
\
\
T
\
\

\
Oy

It can easily be seen that for o = u the pdf (3.1) becomes the pdf (2.1),
so the Burr density collapses to the Pareto density. Hence (3.1) nest (2.1)

and a test of the Pareto density can be performed by testing Hy: 6 = u by
means of standard methods. In this context a Lagrange multiplier (LM) test
is a natural one since the restricted estimator of 81is (2.12), which can be ob-
tained easily without resorting to numerical methods. We develop such a
test in the next section.

. r—j+1
show that E (Y")= l_[ T 6> 1, so for example E (Y)=
9 =1 -J
E(Y?)=

, 6>1and
——, 0>2. From this general result we can recover the corresponding mo-
(0-1) (6-2)
ments for x=u +oy.

14



4. A Simple

and Locally Optimal
Test

CONSIDER the Burr density (3.1) where, for the same reason as before, u
is assumed to be known, either fixed by statistical design or taken as given
by a prioriinformation. Therefore, in practice we have only two free parame-
ters to estimate.

Contrary to the Pareto law, while the power exponent in this case can
be estimated by a simple formula (either by the log-log linear regression
mentioned before or by the method of maximum likelihood), the power ex-
ponent from the Burr density is not so easily obtained and requires numeri-
cal optimization. First, we do not obtain a log-log linear relationship be-
tween ranks and the ordered sample (1.2). Second, given a random sample
of observations, {x;};_,, the log-likelihood function is given by

log Ly=nlog —nlogo— (0+1) 3, log
i=1

1+ u) (4.1)
(e

which, even for known u, has to be maximized with respect to 6 and ¢ by
numerical methods.

As mentioned before, for o = u f; (x) = f, (x). Thus, a natural test for
the Pareto law in this context is simply a test of the null hypothesis Hy: o = u.
In particular, given that the restricted model can be easily estimated by max-
imum likelihood, a Lagrange multiplier (LM) test is a natural one because
it avoids the need to maximize (4.1), as required by either the Wald or
the likelihood ratio approaches. It can also be routinely calculated once the
Pareto exponent has been obtained °.

9. The same approach is used by Urziia (2000) to develop a test for Zipf (1949) law, which is a
particular case of the Pareto law when 6= 1. In his case, there are not nuisance parameters, but
the test is a joint one of the Pareto law and a particular value of the exponent. Thus, in case of a
rejection, we cannot know if this is due to the particular value of the exponent assumed or to
the Pareto law.

15
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The LM test, as developed by Aitchison and Silvey (1958) and Silvey
(1959), is given by ¢’ §,7'¢, where ¢ represents the score vector, 3, the Fi-
scher sample information matrix, both from (4.1), and the symbol ~ means
evaluated at the restricted estimates. The restricted estimates are simply

c=pandf= 0= p Z log Xi _1, the maximum likelihood estimator

n -
(MLE) of the power explonent‘l{mder the Pareto law.

Using result 2 above, the appendix shows that from (4.1), the first

element of ¢ is simply zero and the second elementis n (0+1)
z= 0 - L Z “ . Note that z measures the discrepancy between a
0+1 n io1 X

7

population and a sample mean, E (z) = 0. Given this factor, only the (2,2)

z, where

element of f),;l matters, which using the distribution of y= % is
1 @2 (6+2) (6+1)2
n 0

.Therefore, the LM statistic we are looking for is

(0+2) (0+1)* as

LM, =n 5 22 ~y*(1) onHj:0=u, (4.2)

and can be readily calculated once the Pareto exponent, 6, has been ob-
tained.

Under the null hypothesis, the LM, statistic is asymptotically distrib-
uted as a chi-square variable with one degree of freedom. Table 4.1 presents
the critical values from a Monte Carlo simulation for different sample sizes
and power exponents for the Pareto law ranging from 1 to 10 '°. These val-
ues accommodate a wide range of dispersion possibilities, since in terms of
the Gini index they cover cases from extreme inequality to cases of very low
inequality, with values of the Gini around 0.05 for 6 = 10.

The evidence shown in table 4.1 presents evidence that the LM, statis-
tic is well behaved even for small and medium size samples for values of 6
below 3, whereas for a higher value of the Pareto exponent we need a slight-
ly larger sample size to avoid size distortions, which are not very large in any
case. Regardless, for samples commonly encountered in empirical applica-
tions, which are usually carried out with more than 100 observations, the
LM, statistic performs reasonably well for almost any value of 6. Thus, given

10. The parameter w is set to 1 in all simulations. This is irrelevant in this case and in the simula-
tions of the power against the Burr density, but can be of relevance in the simulations of the
power against non-nested distributions.

16
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TABLE 4.1: Empirical critical values for LM,

Significance n
level [ 50 100 200 500 1,000 ®

10 1 2.66 2.66 2.67 2.68 2.70 2.71
2 2.56 2.65 2.66 2.69 2.69 2.71

3 2.45 2.56 2.64 2.67 2.70 2.71

5 2.33 2.50 2.61 2.64 2.68 2.71

10 2.17 2.39 2.53 2.64 2.66 2.71

5 1 3.74 3.79 3.79 3.79 3.84 3.84
2 3.59 3.74 3.78 3.79 3.81 3.84

3 3.46 3.62 3.72 3.83 3.87 3.84

5 3.30 3.55 3.70 3.76 3.82 3.84

10 3.09 3.40 3.60 3.75 3.80 3.84

1 1 6.41 6.58 6.59 6.61 6.57 6.63
2 6.43 6.65 6.53 6.62 6.65 6.63

3 6.55 6.47 6.55 6.63 6.74 6.63

5 6.88 6.81 6.75 6.72 6.78 6.63

10 7.14 6.97 6.80 6.69 6.69 6.63

Source: Own Monte Carlo simulations using the direct inversion method and 100,000 replications.

the simplicity of the statistic, this can be routinely calculated when the Pare-
to exponent is estimated by maximum likelihood methods.

However, not only size but also power is important in testing hypothesis.
Hence, we first investigate the power of our statistic against the Burr density,
from which the LM, statistic is derived, but second we also investigate the pow-
er against relevant and practical alternatives, such as the exponential or the
log-normal distribution, which we find more often in applied studies.

Table 4.2 shows percentages of rejections, at different significant lev-
els, when we simulate random samples from a Burr density under the alter-
native H: 0 = 4.(1 + 8) for different values of § in the range [-0.5, +0.5]. We
focus on asymptotic power so the sample sizes in all experiments were set to
1,000 observations and asymptotic critical values were used in rejecting the
null of the Pareto distribution. The main points suggested by the inspection
of table 4.2 are the following:

17
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TABLE 4.2: Power of the LM, test against the Burr distribution.
Percentage of rejections, n = 1,000 and asymptotic critical values

(percentages)
Significance S Hi:o=p.(1+6)
level
10 2 3 5 10

10 0.5 100.0 99.8 97.5 80.9 429
—0.4 99.8 96.7 87.4 63.7 32.2

0.3 93.7 80.9 65.7 43.3 23.0

—0.2 64.3 49.5 38.0 25.6 15.7

—0.1 25.0 20.5 17.2 14.2 114

0.0 10.0 10.0 9.9 10.0 9.7

0.1 22.5 18.2 15.3 12.5 10.3

0.2 51.3 39.5 30.2 20.7 12.9

0.3 77.9 63.8 50.4 32.7 17.5

0.4 92.8 82.9 69.6 47.4 23.5

0.5 98.4 93.6 84.1 62.0 31.1

5 —0.5 100.0 99.6 95.4 73.4 33.2
—0.4 99.4 94.2 81.1 53.4 23.2

0.3 89.2 72.5 54.9 334 155

0.2 52.9 38.1 27.9 17.4 9.6

0.1 16.1 12.8 10.6 8.3 6.3

0.0 5.0 5.1 4.9 5.0 4.8

0.1 13.8 10.5 8.3 6.3 5.0

0.2 38.2 27.0 19.2 11.8 6.5

0.3 67.0 50.4 36.6 20.9 9.5

0.4 87.1 72.9 56.3 33.8 13.6

0.5 96.4 88.0 74.1 479 19.3

1 0.5 100.0 98.2 88.2 55.7 18.1
—0.4 97.6 85.2 64.6 34.0 11.0

0.3 75.1 52.5 34.4 17.2 6.4

0.2 30.5 19.6 13.1 7.2 3.3

0.1 5.7 4.3 3.5 2.6 1.7

0.0 1.0 1.0 1.0 1.0 1.0

0.1 4.1 2.7 1.8 1.2 0.9

0.2 17.0 9.8 5.9 2.9 1.2

0.3 41.6 25.4 14.9 6.2 2.0

0.4 68.3 47.0 29.3 12.7 3.3

0.5 86.9 68.7 47.8 21.7 54

Source: Own Monte Carlo simulations using the direct inversion method. 100,000 replications and w = 1.
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I) Ford =0 the simulation shows that the test has appropriate size,
which agrees with the results of table 4.1. This is so for any value
of 6 or the significance level used in the rejection rule.

II) In general, power is moderate for alternatives close to the null, say for
0] < 0.2, but is substantial as we depart from the null, say for |3] > 0.2.

III) The previous point is specially true for low and moderate values
of the parameter 6, which are the more relevant from a practical
point of view.

IV) The power function is asymmetric with respect to d. Power is al-
ways higher for d < 0, for a given value of 6 and significance level
used in rejecting the null.

V) Power decreases uniformly as 6 increases for a given & = 0. This is,
given a significance level and a value of §, power falls as 6 increases.
The reduction in power is substantial for high values of 6, say in
excess of 10. However, the relevant range for practical purposes
in economics is much lower, not in excess of 3 (Gabaix, 2008).
Note that this is not true for d = 0, so size is correct and main-
tained across significance levels, d and 6.

VI) Asitis sensible, power is lower at the tails, so for a given d and 6 pow-
er falls as the significance level used in rejecting the null decreases.

Overall, the results of these power simulations seem promising. For
values of d close to u the Pareto and the Burr density are similar enough to
justify the used of the Pareto distribution given its simplicity and analytical
tractability. However, for alternatives far enough from the Pareto the LM,
statistic shows reasonable power.

However even Burr (1942: 223) was unable to find a probability justifica-
tion for the function (3.1), so even this pdfhas been the instrumental density
in deriving the test statistic it seems worth investigating the power against more
useful distributions from a practical point of view, even they are non-nested.
We consider in turn two of such densities, the exponential and the log-normal.

First, we simulate the power of the LM, statistic against an exponential
distribution with parameter 6, defined for x= u = 1. This has a similar shape to
the Pareto density with the mode at u and when ¢ = 1, as in the simulations,
the height of the density at the mode is the same for both distributions.
Hence, this particular simulation exercise focuses on the power of the LM, sta-
tistic in relation to the curvature of the both densities. As it is well known, the
Pareto density falls quicker than the exponential, specially for low values of 6,
but the shape of the Pareto approaches to the exponential shape as 0 increases.
Table 4.3 shows, in panel a), the results of the Monte Carlo simulation. Power
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TABLE 4.3: Power of the LM, test against non-nested distribution.

Percentage of rejections using asymptotic critical values
(percentages)

a) Exponential distribution

Significance 6
level 1 2 3 5 10
10 100.0 100.0 100.0 99.9 83.8
5 100.0 100.0 100.0 99.8 71.7
100.0 100.0 100.0 97.7 40.7

b) Lognormal distribution

Significance Percentage of the tail observations included in the estimation of the Pareto exponent
level 10 5 2.5 1 0.5
10 100.0 99.2 96.4 88.4 81.1
5 99.9 98.0 92.2 79.5 69.5
98.7 90.3 75.0 53.5 40.6

Source: Own Monte Carlo simulations using the direct inversion method and 100,000 replications.

is exactly equal to 1 for 6 < 3 at any significance level, very close to 1 for 6= 5,
and only deteriorates slightly for 6= 10, but even in this case it remains much
higher than in the corresponding cases for the Burr density, as the inspection
of the last column of table 4.2 shows. Hence, we can be sure that the LM, statis-
tic has very good power against the exponential density !'.

Second, we simulate the power of the LM, statistic against the log-nor-
mal distribution. Because there is no clear relation between the Pareto ex-
ponent and the log-normal distribution there are infinitely many ways of
simulating a log-normal in trying the measure the power of the test statistic.
We began simply by choosing the parameters of log-normal in such a way so
as to match two characteristics with a Pareto '*. If we match the mode and
the median of both distributions we found power equal to 1 in all cases con-

11. Note that the particular value of the 4 chosen in the simulations, u = 1, forces the height of
the density at the mode to be the same for both distributions, and altering this height cannot re-
duce power in any case, so we can be sure that the simulation does not bias our result in favour
of giving us good power.

12. These results are not shown, but are available from the author upon request.
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sidered . Visual inspection of the densities shows that matching these two
moments generates a log-normal density in which the height of the density
at the mode is too low in relation to the corresponding Pareto density, and
also the curvature of the density at the mode is very smooth, so a power
equal to 1 is a sensible outcome. Next, we chose parameters in such a way so
as to match the mode and the height of the density at the mode for both
distributions '*. Again, power was equal to 1 in all cases considered.

However, these are probably not the interesting cases to consider be-
cause visual inspection would reveal quite easily that the reference distribu-
tion is not of the Pareto family (Eeckhout, 2004). Given that proportional
growth with some friction generates a steady state distribution of the Pareto
law in the upper tail (Champernowne, 1953; Gabaix, 1999, 2008) we simulate
random samples from a log-normal distribution with both parameters equal
to 1, take a given percentage of observations from the upper tail and con-
struct the LM, statistic only with those observations. The statistic is always con-
structed with 1,000 observations, so the sample size drawn at each replication
is adjusted in relation to the percentage of observations from the upper tail fi-
nally used in constructing the LM, statistic. The results of such an experiment
are in panel b) of table 4.3, where the percentages of the observations at the
tail are 10, 5, 2.5, 1 and 0.5%. Again the results are encouraging, keeping as
little as 2.5% of the observations the LM, statistic discriminates correctly in
more than 90% the cases at the 5% significance level or above. Even focusing
on the extreme tail observations the power is remarkable.

Overall we see the results of the power analysis quite successful. The
LM, statistic seems more powerful against interesting and practical alterna-
tives than against the Burr distribution, which is the one used to derive the
test. Of course this has to be studied more thoroughly, but our limited
Monte Carlo exercise signals good power properties of the statistic derived.

13. If v and 7% are the (location and shape) parameters of the log-normal distribution (which
correspond to the mean and variance of the corresponding normal parent distribution), fixing
w =1 for the Pareto density, the mode of both distributions is the same when v = 72, In addition,
equating the median implies v = log 2/6. Hence for a given value of 6 we simulate random sam-
ples from a log-normal distribution with parameters v = 72 = log 2/6. Of course in the estimation
of the Pareto exponent the simulated values lower than u = 1 were disregarded, so only values to
the right of the mode are included in the estimation.

14. As we have already seen, fixing u = 1 for the Pareto density and equating the mode of both
distributions implies v = 72 for the lognormal. In addition, equating the height of the densities at

the mode implies finding the root of a nonlinear equation, Te?® - v 0,

2

fortunately this equation has only one root. Hence for a given value ofgé weQSzlve the nonlinear
equation and, given the solution, we simulate random samples from a log-normal distribution im-
posing v = 7% As before, in the estimation of the Pareto exponent the simulated values lower than

u =1 were disregarded, so again only values to the right of the mode are included in the estimation.
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5. An Application
to Urban Economics

AS an example of the use of the LM, statistic, consider the Spanish urban
areas as currently defined by the Spanish Department of Public Works
(Ministerio de Fomento, 2000). Not only are most of the population ag-
glomerations with over 10,000 inhabitants included, but also those which
fulfil certain other characteristics in terms of economic activity, population
trends or mobility and housing. Fixing a lower bound at 10,000 inhabitants
and using data from all the census from 1900 up to 2001 we have an increas-
ing number of cities, ranging from 157 in 1900 to 294 in 2001 .

Table 5.1 offers, in its first panel, the maximum likelihood estimator
(MLE) of the Pareto exponent as well as the corresponding LM, statistic de-
rived in the previous section and its asymptotic pvalue '°. A clear pattern
emerges from the estimates of the Pareto exponent, a steadily and monoton-
ic decreasing tendency, from 1.25 in 1900 to 0.86 in 2001. This should be
understood as an increasing dispersion or inequality in the distribution of
city size, a fact that is confirmed by the results in Goerlich and Mas (2009).

Turning to the question of the suitability of the Pareto distribution as
an adequate model for this data, we observe that the LM, statistic offers lit-
tle doubts about the validity of the Pareto law for the 20" century. For these
years the maximum value of the statistic is reached in 1991, 2.63, with a
pvalue of about 11%. However at the beginning of the 21* century we ob-
serve a clear tendency to depart from the Pareto distribution, since this is
clearly rejected for the last census. Using table 4.1, or asymptotic critical val-
ues, the pvalue for the LM, statistic in 2001 is significantly lower than 1%.
Hence the decreasing tendency in the Pareto exponent is translated into a
departure from this distribution. Therefore, in terms of modeling the city

15. It is worth mentioning that that there is no universally accepted definition of city for statisti-
cal purposes and that alternative definitions account for many of the empirical disagreement in
the literature, as recognized by Gabaix and Ioannides (2004). See Goerlich and Mas (2009) for
a much more detailed analysis of this data set.

16. For each year, u is estimated as the minimum of the corresponding sample, but the same re-
sults are obtained if u is assumed to be known and fixed at the lower bound value, 10,000.
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TABLE 5.1: Pareto law and city size distribution

1900 1910 1920 1930 1940 1950 1960 1970 1981 1991 2001

Lower bound = 10,000
Cities
]
LM, statistic

p-value

157 168 185 197 214 219 239 265 287 292 294
1.247 1.180 1.157 1.096 1.033 0.976 0.967 0.955 0.915 0.888 0.859
0.953 0.015 0.004 0.724 1.172 2.037 0.733 0.029 0.368 2.626 7.414
0.329 0.903 0.948 0.395 0.279 0.154 0.392 0.866 0.544 0.105 0.006

Lower bound = 50,000
Cities
]
LM, statistic

p-value

25 26 28 30 38 45 49 54 64 67 72

1.227 1.142 0.974 0.923 0.972 0.998 0.941 0.844 0.839 0.834 0.841
0.295 1.452 3.124 2.235 0.508 0.133 0.263 0.713 0.224 0.416 0.228
0.587 0.228 0.077 0.135 0.476 0.715 0.608 0.398 0.636 0.519 0.633

Source: Own calculations from census data and Ministerio de Fomento (2000). Urban area as city definition. See Goerlich and Mas (2009).

size distribution, alternatives to the Pareto law should be explored for the
recent years.

It seems interesting to see what happens if we increase the minimum
number of inhabitants for the definition of a city to 50,000. In this case, the
number of cities falls to a number between 25 in 1900 and 72 in 2001, so we
have a really small data set in this case. The Pareto exponent shows a similar
decreasing tendency up to 1960, but exhibits a remarkably stability since
then, with a value around 0.84. What is more interesting in this case is that,
for this restrictive definition of city, the LM, statistic is unable to reject the
null of the Pareto law in any of the years. Only for 1920 we get a value of the
statistic of 3.12 with a pvalue between 5 and 10%, but the overall result is
that the Pareto law seems a sensible distribution for this reduced data set.
We have not conflicting results.

As a consequence, this probability law can be a sensible approxima-
tion for the tail distribution of a given sample, but how to define the tail
from a practical point of view is not a trivial question. That is to say, the
Pareto law cannot hold, if at all, except for a certain sample size.

23



Appendix

THIS appendix provides some derivations mentioned in the text and also
the manipulation of the likelihood function of the Burr density to obtain
the Lagrange multiplier (LM) test.

Pareto law, Theil indexes and related results

Derivation of T". To obtain (2.6) from (2.5) we have to solve

L 1
T = log %(1—17)6 + Ff(ljlog (1-p) dp. (A1)V

dp =log

0-1

Using the fact that lim, _, ; zlog z= 0, we can show (integrating by parts)
that [ log (1-p) dp=-[(1-p).log (1-p) - (1 = p)l|, =-1, which gives us (2.6).

Derivation of T. To obtain (2.9) from (2.8) we have to solve

6-1 L 6-1 _1
r=J, —g— (=) 0 log | ——(1=p) 7 | dp. (A.2)
After some algebra, and using the following results f (1) (1- ,b)_% dp= 991
1 2 -
lim, ., 2’ log z=0,d >0 and f(l) (1-p) "0 log (1-p) dp=- (196)2 18 we

eventually get (2.9).

1
17. Note that, the geometric mean for a Pareto random variable is given by m, =u.€9 , since
1 _1 1
logmlzf“loglu (1-p) ¢ dp=logu +7.

18. In addition to the previous limit, this integral uses the following general result (Spiegel,
1970: 14.527),

. 2041 1
[z 10g zd2 = logz ——— d=1.
d+1 0+1
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Result 1 — Proof. This comes from standard results on the distribu-
tion of functions of random variables (Mood, Graybill and Boes, 1974, chap-
ter V). Because of the one-to-one relation between x and y,, x = e, the pdf
of y, is given by

dx Ou?
dy, (e )

Son)= =0  y>0,  (A3)

By (x () = ‘ pen

which is the pdfof an exponential distribution with parameter 6. Thus,
NN | 1
b(yl)—? andVar(yl):E. m

Result 2 — Proof. Because of the one-to-one relation between x and y,,

x =y% » the pdfof y, is given by

0
0—‘“1=0.y§’_1 O<y<I1, (A4

%)

which is the pdfof a power function distribution with parameter 6. Thus,

dx
S)= d_yz

fp<x(y2)>=‘—%.
Yo

R{ S

E(y,)= rSE E®)= ) and in general E (y;)= %, forr>0. =
Result 3 — Proof. For =1 (A.4) becomes f(y,) =1, whiclh is the pdfof

a uniformldistribution on [0,1]. Thus, E (y,) = Y2, Var (y,) = 1o and

E (%) = 3 [ |

Remark 2. Given result 1, z = 20y, follows a y* with 2 degrees of free-
dom since, by standard arguments, the pdfof zis given by

d 1 —0 =z
f(z)= d—:l SO () = Y L0 o 2> 0, (A.5)

which is the pdfof a y* distribution with 2 degrees of freedom. Thus, E (z) =2
and Var (z) = 4.

From this result, given a random sample from the Pareto distribution,
and the fact that a sum of independent y* is also y* distributed with degrees
of freedom equal to the sum of the degrees of freedom of each term in the
sum, we get
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20 Mlog = 210 2 (o). (A.6)"9
i-1 ° 0
. | 1 1,
Observing that the pdfof )f (2n) is T Lo xthe 2 by
standard arguments, the pdfof 0 is () 2

2n6 11 2n0 \»-1 - 20 n"6" -2 :
. - |- = . . . X = — x > O, A7 20

Ji (%) | I'(n) 27 ( X ) ‘ I' (n)xm+! ‘ ¥ A7

where I' (®) is the Gamma function.

The LM test statistic for the Pareto law

In the sequel, we obtain the first and second derivatives of log L with
respect to 0 and o, the information matrix, and next we derive the LM statis-
tic for Hy: 0 = .

The gradient of (4.1) is given by

dlogly, n v X;— U
20 =5 - glog 1+ . ,
n (A.8)
dlogly, _  n £ (0+1) Z X;— U
do ? =l g2 1+xi__[i)
o

Note that, by equating these equations to zero we have a system of
non-linear equations that have to be solved by numerical methods. There-
fore the maximum likelihood estimator (MLE) of the parameters for the
Burr density does not have an explicit formula.

The Hessian is given by

19. This is a general result, the sample mean of a random sample from an exponential distribu-

1 1 1
tion with parameter 6is distributedas — . __ .. ¥? (2n).

2 0 n
20. This is slightly different than the pdfshown in Johnson and Kotz (1970, chapter 19.4.4),
fo(x)= % .ei%ﬁ , which is due to the fact that they consider the case where y is estimat-
edasi= Ifl?ﬂ:{x?}?:l, hence the distribution in (A.6) is y?(2(n—1)).
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dlog®ly,  n
002
d log? Ly _ 2 X, — U , (A.9)
0000 i-1 g2 1+XZ-—((£)
o

d log? Ly n O (x—w) (20 + x,— )
__To b R 0 1 1 1
do? o? @+1) ; %0+ x—u)?

Evaluating (A.8) at the restricted estimate of o, 6 = 4, we have

dlog Ly
a0

n " X;
=— -2 log [—|=n
0 )2 g(#)

i=1

—;—%glog (%)] (A.10a)

o=

Two remarks
I) Given that the restricted estimate of 0 is just the Pareto MLE,
0 (2.12), itis worth noting that evaluating (A.10a) at 6 is just zero,

0 log L
I R I D’}

o=y

a0

1 1 n X
II) Defining %= — - — 3, log (x—) a function of 6, (A.10a)
0 nooi-1 U
measures a discrepancy between a population mean and a sample
mean, since given result 1 £ (z;) = 0. This gives the MLE of 6 un-
der the Pareto law a nice moment interpretation.

dlog Ly =_i+(6+1)2x,—‘u _
66 6o [u' i=1 {‘Lxl
a1 [ o 1 ni] (A.10b)
U 6+1 n -1 X
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One remark

1 n
O _ L3 %, function of 6, (A.10b)
6 + 1 n ;-1 ’xi
measures a discrepancy between a population mean and a sample

mean, since given result 2 E (z) = 0.

I) Defining z =

Evaluating (A.9) at the restricted estimate of ¢, 6 = 4, we have

d log® Ly
0600

= 2 S e "_[1 - 1_ L]’ (A.11a)
y i=1 UXx; X;

changing its sign and evaluating the expectation,

2 n
E[_alog_LB ]__L[l_E(LZL)]z
0000 _ “u n o i-1 X
(A.12a)
0
L T |- —
w ° 60+1 w (0+1)
And
2 n _ _
alog(LB _ L—(9+1) Z (x; M? (f@ﬂ“) _
do? s u? is1 @wix?
_ n(6+1) [ 0 _i = (M_Z)] (A-11b)
N u? 6+1 n i1\ x? ’
changing its sign and evaluating the expectation,
P d log® Ly ]: n(6+1) 0 E(l_" ﬁ))]:
do? oy u? 0+1 n i\ x?
n(6+1) [ 0 5 ] n(6+1) [ 0 0 ]
- —Em2) | = - = A.12b
pE g1 L 0v w2 L 0+1 0+2 (A-12b)
B no
pr(0+2)°
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Thus, the Fisher sample information, evaluated at ¢ =y, is given by

I T L
0’ w(0+1) w(0+1)
n
SGo=w=\ o |70 e o° (A1)
w(0+1) u(6+2) w(0+1) u?(6+2)

And its inverse is

83 02
v (0+2)  p(0+1)

0.0yl E 0D 01
n 0

(A.14)
92
| ¢ (0+1)

. . . 1 1 = X
Now we can form the LM statistic. Noting that 2z, = -— Z log (—’) =
the score vector evaluated at the restricted estimate is O “

>

Z 0
j= . = A Al
=n (0+1) RIS (4.15)
w o w2
s 6 1 - u@
with Z, =— - —Z ——. Therefore, only the (2,2) element of (A.15)
0+1 n -1 X
2 2
matters in the LM statistic, . ‘u (6+2; 0+1) . The feasible LM
n

statistic is then given by

(6+2) (6+1)*

LMl,zn.
0

22292 (l) onHy:o=u, (A.16)

and can be readily calculated once @ has been obtained.
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